Let C, W ⊆ Z. If C + W = Z, then the set C is called an additive complement to W in Z. If no proper subset of C is an additive complement to W , then C is called a minimal additive complement. We provide a partial answer to a question posed by Kiss, Sándor, and Yang regarding the minimal additive complement of sets of the form W = (nN + A) ∪ F ∪ G, where |F | < ∞, (F mod n) ⊆ (A mod n) and (G mod n) ∩ (A mod n) = ∅.
Introduction
For W ⊆ Z, we say that C ⊆ Z is an additive complement (with respect to W ) if C + W = Z. Furthermore, we say that C is a minimal additive complement (with respect to W ) if no proper subset of C is also an additive complement with respect to W . There are several classes of sets for which the existence (or nonexistence) of a minimal additive complement is known.
Theorem 1 (Nathanson [3] ). If |W | < ∞, then every additive complement of W contains a minimal additive complement.
Theorem 2 (Chen, Yang [1] ). If inf W = −∞ and sup W = ∞, then there exists a minimal additive complement to W . Theorem 3 (Chen, Yang [1] ). Let W = {1 = w1 < w2 < · · · } be a set of integers and 
Eventually Periodic Sets
In [2] , Kiss, Sándor and Yang consider sets W that are bounded below and for which there exists a positive integer n such that w + n ∈ W for sufficiently large w ∈ W , which they call eventually periodic sets. Such sets, after some point, consist of a union of arithmetic progressions modulo n; the elements prior to that can be distinguished based on whether or not they are in the same residue classes modulo n as the eventual arithmetic progressions. More explicitly, up to translation, all eventually periodic sets are of the form
where
and |F |, |G| < ∞. Kiss, Sándor and Yang proved the following necessary and sufficient conditions for having a minimal additive complement for certain sets W of the above form.
Theorem 4 (Kiss, Sándor, Yang [2] ). Let W be as in (1) . If W has a minimal additive complement, then there exists C ⊆ Z/nZ such that the following two conditions hold:
We can interpret this result as saying that the set G plays an important role in determining the existence of a minimal additive complement. In particular, if G is empty then W does not have a minimal additive complement. In Theorem 4 there is no requirement for G to be finite.
Theorem 5 (Kiss, Sándor, Yang [2] ). Let W be as in (1) with |G| < ∞. Suppose there exists C ⊆ Z/nZ such that the following two conditions hold:
(ii) For any c ∈ C, there exists g ∈ G such that c + (g mod n) ∈ (C \ {c}) + (W mod n).
Then there exists a minimal additive complement to W .
Thus, if G is finite this result roughly allows us to reduce the existence of a minimal additive complement of W in Z to the existence of a minimal additive complement to W mod n in Z/nZ. In [2] , Kiss, Sándor and Yang pose the question of whether Theorem 5 is still true when G is infinite.
We observe that it is certainly not true in general, for if G is of the form nN + B, then W = nN + (A ∪ B), and such a set does not have a minimal additive complement. However, we have the following result. Proof. Note that if inf G = −∞, then by Theorem 2, W has a minimal additive complement. Thus, we may assume that inf G > −∞, and we further restrict our attention to the case where G ⊆ nN. Let D be a minimal additive complement to G, where D must have infinitely many negative elements in each residue class of Z/nZ, and in particular every residue class in C. LetC = {z ∈ Z : z (mod n) ∈ C} and consider D ′ = D ∩C. We claim that D ′ is a minimal additive complement to W .
First, we show that D ′ is a complement to W . In particular, we claim that
The latter equation follows from the observation that if
for 1 ≤ i ≤ n, then the sumset Di + G will be precisely nZ + i since
′ + G will consist of all integers whose residues modulo n are contained in C, which is preciselyC. For the former equation, we claim that every integer whose residue modulo n is in C + (A mod n) will be in the sumset D ′ + (nN + A). Indeed, for any residue x ∈ C + (A mod n) there is some integer m with m mod n = x so that there exist d ∈ D ′ , a ∈ A, ℓ ∈ N such that
, we can write
for some sufficiently negative d ′ ∈ D ′ with the same residue modulo n as d and some appropriately chosen ℓ ′ ∈ N. The choice of d ′ is possible because D ′ contains infinitely many negative elements in each of its residue classes in D ′ mod n.
Finally, since C + (W mod n) = (C + (A mod n)) ∪ C = Z/n, we find that (C + (nZ + A)) ∪C = Z,
To conclude that D ′ is minimal, it suffices to show that C +(A mod n) and C + (G mod n) = C are disjoint in Z/nZ. Indeed, if this is the case then for any d ∈ D ′ there exists a g ∈ G such that d + g is uniquely represented in D ′ + G since d ∈ D and D is a minimal additive complement. Also, d+g is not in any of the residue classes represented by D ′ +(nN+A), so it is uniquely represented in D ′ + W as well. To finish, we note that the conditions on C require that for all c ∈ C, c ∈ (C \ {c}) + (W mod n), and so in particular c ∈ (C \ {c}) + (A mod n). Furthermore, c ∈ c + (A mod n) since we presume that G mod n = {0} and thus 0 ∈ A mod n. Therefore, c ∈ C + (A mod n). We conclude that W has D ′ as a minimal additive complement when G ⊆ nN.
To conclude the general case, we observe that the above argument is unaffected by translation of the set W , and so we can translate the set W so that G ⊆ nN, at which point we are done.
Concluding Remarks
Theorem 6 provides the first sufficient condition for sets W of the form (1) to have a minimal additive complement when the set G is allowed to be infinite. It is not known whether there are sets W where G has a minimal additive complement but W does not. There are other natural questions stemming from this line of inquiry; for example, in the work of Kiss, Sándor, and Yang as well as in the proof of Theorem 6, the set F is inconsequential. It is interesting to consider whether in general the set F affects the existence of a minimal additive complement of the set W . Similarly, it is open whether adding finitely many elements to a set with a minimal additive complement changes the existence of a minimal additive complement or not.
